An Asymptotic solution of liquid sloshing motion in a rectangular tank is presented based on the potential flow theory. A rectangular tank is excited harmonically, in the sway and heave modes. The Stokes perturbation theory is used to resolve the boundary value problem. The perturbed problem reduces to the non-homogeneous Mathieu's equation in the case of coupled harmonic excitations, which induces the sloshing motion subjected to parametric rolling of the tank. Lindstedt-Poincare' method is used to determine the stable solution of the Mathieu's equation.
INTRODUCTION
Sloshing waves are basically standing waves. The oscillation of liquid inside a partially filled container due to external disturbance is called as 'sloshing '. In fact, the static free surface extracts energy from external excitation and gets displaced. The excitation source may be earthquake, vehicle motion, wind and waves in the random sea state. The amplitude of sloshing waves and forces on the walls would be large when the frequency of the motion of the tank is closer to lowest natural frequency of the sloshing liquid. Liquid sloshing in rectangular tanks is associated with various real world problems, such as containers on high ways, sloshing of liquid cargo ships, liquid oscillations in large storage tanks affected by natural disasters and the motion of liquid fuel in aircraft and spacecraft. The goal of studying sloshing mechanics is to estimate sloshing pressure distribution on the tank walls.
It is natural tendency that partial filled tanks are liable to extreme sloshing under certain physical conditions, particularly during the resonance. Even though, sloshing oscillations in rectangular tanks have been studied analytically, experimentally and numerically in the past several decades, the objective of the present study is to realize the non-linearity of sloshing waves through Stokes perturbation theory.
Non-linear Modelling
Linear models are applicable only when the excitation frequency is solitary from sloshing natural frequency and those fail to represent complex phenomena such as chaotic motion, in the resonance neighbourhood. The linear systems will have only one equilibrium point, whereas the non-linear systems may have more than one equilibrium points, depending on the behaviour of non-linearity. Often, in preliminary design of hydro-structures, the study lies in the stability analysis of motion in the neighbourhood of equilibrium points rather than in the entire structure response. This emphasizes to study both linear and non-linear effects of natural phenomena. The present study includes the nonlinear effects of sloshing up to Stokes second order theory. The potential flow theory is assumed to be valid in the domain of definition. The 2-dimensional problem of free sloshing of an in viscid fluid in a rectangular tank is solved for both first and second order. The Stokes Perturbation asymptotic model is weakly non-linear.
FREE SLOSHING
We consider the 2-dimesional transient wave problem in a tank of length l (m) and depth h (m). The origin of the Cartesian system (O -xz) is on the free surface and at the left hand side of the container. The fluid is assumed to be incompressible, inviscid and flow is assumed to be irrotational. Since the fluid flow is irrotational a velocity potential ϕ exists, which satisfies the Laplace equation.
The governing equation and boundary conditions based on the potential flow theory are
Dynamic free surface condition
Kinematic free surface condition
Neumann boundary conditions at both walls of the tank
The initial conditions are (6)
Where ∆ is the Laplace operator, ∇ is the gradient operator, η is free surface elevation, g is the gravitational acceleration and t is time.
STOKES PERTURBATION APPROACH
In the Stokes perturbation theory (Faltinsen 1974 ), we will assume that the solution will depend on the presumed small parameter. The first order problem, that is linear, will not depend on ε, but the second order will depend on ε and the third order problem will depend on square of ε, and etc. Thus, we decompose the dependent physical variables (velocity potential, surface elevation) into a convergent power series in ε, which is less than one, as follows. 
The sources of non-linearity in the fluid field equations present in the dynamic and kinematic free surface boundary conditions. While doing modal analysis, the non-linear and non-conservative terms must be removed from the free surface boundary conditions (Dean,R.G., Dalrymple,R.A.,(1930) ). Thus dynamic and kinematic free surface boundary equations are expanded in Taylor series about mean water level. The expanded dynamic & kinematic free surface boundary conditions and their substitution in the perturbation expansions up to second order for the initial boundary value problem will result into two linear problems namely the first order and second order problem. We can notice that Second order problem will be accumulating the non-linearity of the first order solution. Indeed the (n) th order problem will accumulate the non-linearity of (n-1) th order problem.
First Order Perturbation problem (10)
The Neumann boundary conditions are (11) (12) (13) (14) The initial conditions are (15) (16)
Second Order Perturbation problem
The boundary conditions are
The initial conditions are
The first order and second order velocity potential are solved using the Method of separation of variables, properties of Fourier series and its coefficients from which we obtain the first order and second order surface elevation.
In the present study, we take the following free surface boundary condition for second order problem as: (24) The velocity potential and surface elevation for first order and second order problem are obtained from the present study. We get a steady drift in the second order surface elevation as we can notice in the result of Wu,G.X., (2007) . (25) (26) (27) 
Where, 'a' is wave amplitude, , are wave numbers, and ω 2 , ω 3 are satisfying the following dispersion relation ;
The time history of free surface at the right wall of the tank, when the excitation amplitude a = 0.318 Hz, the wave numbe k = π, the tank length l = 2m and liquid depth h = 1m, is shown in Fig.2 : The present study is compared with Faltinsen (1974) when a = 0.05Hz, k = π and l = 2m in the Fig.3 : the agreement in frequency is reasonably good. International Journal of Ocean and Climate Systems 
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FORCED UNDAMPED SLOSHING
The tank is moving with respect to an inertial coordinate system (X,Z) with horizontal X-axis and vertical Z-axis and tank position at time t are considered. The Cartesian coordinate system (x, z) are connected to the tank as we defined in the free sloshing problem. Mathematically, the excitations appear either as inhomogeneous terms (External excitations) in the equations of motions or the time dependent coefficients (Parametric excitations, William.N.France (2001)). Now rectangular tank is excited harmonically, in the sway mode.
Response under Sway excitation (37)
The dynamic and kinematic free surface boundary conditions are respectively
The combined dynamic and kinematic boundary conditions is (42)
Non resonant solution for sway mode
The general solution of the Laplace equation in the rectangular tank satisfying the boundary conditions on the rigid surfaces can be written as
Where is the wave number corresponding to the 'n'-th sloshing mode and n =1,3,5,...
We can express the function 'x' in the Fourier cosine series on the compact interval [ 0, l].
To evaluate the velocity potential function, we will solve the following linear set of modal differential equations, (Ibrahim 2005) ; the solution of these equations will comprise the transient response (complementary function) and steady state response (particular integral).
(45) When x = x 0 cos(ωt), the velocity potential and water surface elevation have been derived as (46) (47) The horizontal and vertical water particle velocities are given below
Where is the natural frequency of the 'n'-th sloshing mode.
Resonant solution for sway mode
If the sway excitation frequency is in the neighborhood of natural frequency or the excitation frequency is the integer multiple of natural frequency or the sum/difference of any two natural frequencies, then the amplitude of response will be critically unbounded which practically cause damage to the system. Using L'Hospital's rule we find resonance solution for the problem in the limiting process.
when ω = 0.9ω 1 , and x = 0.00186 sin ωt The present result is compared with of Wu and Eatock Taylor (1994) and the agreement is found to be good.
Response under coupled Sway and Heave excitation
The dynamic and kinematic free surface conditions are given for both horizontally and vertically excited tank. We can get the Taylor series expansion for the surface boundary conditions. (53) ( 54) The general solution of the IBVP can be obtained as follows. (55) (56) We shall represent the functions P n (t) and Q n (t) in the form of the asymptotic expansion with respect to the powers of the small parameter ε.
(57) (58) We substitute the asymptotic expansions in the Taylor series of the surface boundary conditions and in the main approximation we obtain the following equations.
(59) (60) (61) Further one can obtain that and b n = 0 for every even positive interger n.
MATHIEU'S EQUATION
If excitations x T (t) = a h cos(ω h t) and z T (t) = a v cos(ω v t) are considered, then the equation [61] will be reduced to the non-homogeneous Mathieu's equation. In this particular case, the coupled sway and heave motions induces the parametric roll motion, which is a form of parametric vibration due to varying stiffness. It is an unstable phenomenon, which can rapidly generate large amplitude. (62) where 2s = t, p = 4ω 2 n and q = 2a v ω 2 n ω 2 v
Here ω v and ω h are respective heave and sway mode frequencies given to the system. Moreover a v & a h are denoting the heave and sway amplitude. We apply the Lindstedt-Poincare's method to solve the Mathieu's equation asymptotically up to third order. We will get both stable and unstable solutions; the present study concentrates only on stable solution.
We set ε = a v ω v and we assume. The above equation [62] becomes (63) Now assume the solution of the form
The free surface elevation can be found using boundary conditions,
where
To plot the response of the free surface at the right wall of the tank we take the Following data: Water depth h = 1m; Length of the tank l = 2m; Amplitude of Sway a h = 0.005m; Amplitude of heave a v = 0.005. When ω h = 0.4 ω 1 and ω v = 0.8 ω 1 , the Fig.7 shows the harmonic response of the free surface. Even though the tank excited in the heave mode with closer of first natural frequency, the free surface behaves with that of sway mode frequency. The free surface hardly feels the dominance of heave frequency. When ω h = 0.999 ω 1 and ω v = 0.999 ω 1 , the free surface gets coupled resonance as shown in Fig.9 . Moreover if ω h = ω 1 any ω v = 2ω 1 , then beating phenomenon occurs in parametric resonance as in Fig.10 . Finally the result of present study is compared with the result of Frandsen(2004) . We observe an extent variation in amplitude and good agreement in frequency.
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CONCLUSIONS
The aim of the paper is to develop an asymptotic theory for Sloshing. Therefore an asymptotic analytical expression for free surface elevation, when the tank is in parametrically rolled motion, is found. In the case of second order free sloshing problem, a steady drift in the surface elevation is found. Further, it is observed that the heave excitation causes parametric resonance in the coupled motion whereas sway excitation contributes the classical resonance. It is found that the response of free surface in the coupled motion predominantly depends on the sway modal frequency rather than the heave modal frequency.
